Differentiation and integration (which can be considered as
reverse differentiation) belong to a branch of mathematics called
calculus. Calculus is the study of change, and it's a powerful

tool in modelling real-world situations, Calculus has many
applications in a variety of fields including quantum mechanics,
thermodynamics, engineering and economics, in modelling

Differentiation enables us to calculate rates of change. This is
very useful for finding expressions for displacement, velocity and
acceleration. For example, an expression for the displacement

of an airplane in the sky informs us of the distance and direction

of the airplane from its original position, at a given time. The

first derivative of this expression gives the rate of change of
displacement, that is, the velocity. The second derivative gives an
expression for the rate of change of velocity, that is, the acceleration.

growth and movement.

What you need to know

lifferentiatmn
and mtegr

ion

Ch1.6 Lines and circles
e The equation of a
straight line where m
is the gradient.
® \When two lines are
perpendicular to
each other:
m, x m,=-1

Ch2 Polynomials and the
binomial theorem

¢ Binomial expansion

What you will learn

¢ To differentiate from
first principles.
* To differentiate terms
} of the form ax*
® To calculate rates
of change.

* o work out and
interpret equations,
tangents, normals,
turning points and
second derivatives.

To work out the integral

»

What this leads to

Ch7 Units and kinematics
Velocity and acceleration
as rates of change.
Acceleration as a second
derivative.

Area under a velocity-time

graph.

Ch15 Differentiation
Points of inflection.

The product and quotient
rules.

~

p.43 : The chain rule.
formula. of a function, calculate
e Curve sketching. definite integrals and Ch16 Integration
use these to calculate Integration by parts, by
the area under a curve. b substitution and using
V partial fractions.
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Fluency and skills

When looking at the graph of a function, the gradient of its curve at any given point tells you the rate
of change. Differentiation from first principles is a method of calculating the gradient and, therefore,

the rate of change.

For example, you can work out the gradient of the function y = x* at y

the point P(2, 4) using differentiation from first principles.

Define a point QQ that lies on the curve, a tiny horizontal distance h

from P, so that Q has coordinates (2 + h, (2 + h)?)
PQ is the chord that connects the points.
The gradient of the chord PQ is given by

Yo—YVe (2+h) -4
g e
— Xa—x.  2Eh)2
" 44+ 4h+h* -4 _4h+ h*
(24 h)-2 h

=4+ h

As the distance between P and Q becomes very small, h
very small and m , approaches 4

Gradientat P=4

This method can be generalised for any function.

Consider the graph y=1f(x)

Let the point P lie on the curve and have x-coordinate x

Its y-coordinate is then f(x)

Let the point Q also lie on the curve, h units to the right of P
Its coordinates are therefore (x+ b, f(x + h))

The gradient of PQ is given by
Yo=Ye f(x+h)-f(x) f(x+h)-f(x)

P) = =
8

m

M "~ (x+h)-x h

L i
L

As h approaches 0, the point Q approaches P and the gradient of the

chord PQ gets closer to the gradient of the curve at P

ﬂ Differentiation and integration Differentiation from first principles

- o

\
ICT
Resource
-3 online

To investigate gradients
of chords for a graph,
click this link in the
digital book.
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The gradient of the curve at P is defined as the limiting value of the I .

gradient of PQ as h approaches 0. This limit is denoted by [’(x) and A limiting value, or

is called the derived function or derivative of f(x). See p.300 for a limit, is a specific .
list of mathematical notation. valug that a function

|

approaches or tends
) () T |
"’ |

towards. “lim”
fr—

f'(x)= lim followed by a
function means the
limit of the function

Differentiation with this method is referred to as finding the |
as h tends to zero.

derivative from first principles.

Use differentiation from first principles to work out the derivative of y = x* and the gradient at
the point (3, 9)

=
So, f(x+ h) = (x+ h)*

fix+h)—f(x
(%)= lim i s Substitute the function
i ) . fx) = x?
| . by =% . X +2xh+h—x"
= lim = lim -
b0 h 0 h
) Iim[2x+h} - Expand and simplify
[y . the expression.
=% -—
1] & gradient at the point (3, 9) is f(3)=2x3=6 VALHERD DS

-

Derivatives give the rate of change and constants don’t change. So a function multiplied by a
constant will differentiate to give the derived function multiplied by the same constant.

If a function is itself a constant, then the derivative will be zero.

For a function af(x), where a is a constant, the derived function is given by af’(x) SRR S

For a function f(x) = a, where a is a constant, the derived function f’(x) is zero

Differentiate a 3x° b 7

3x7 is in the form afix),
where a1s a constant.

8 f=x a=3 wm=

So differentiating 3x°:
DR AT N  Omem—————— From Example 1
iy 2
b f(x)=7 = ] =
Sof'(x)=0 (x) = a, where ais a

constant.

e
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1 Use the method shown in Example 1 to 4 Work out, from first principles, the derived

work out the gradient of these functions at function when

the points given. a f(x)=2x b f(x)=4x"

8 y=xatx=3 b y=xatx=4 ¢ f(x)=6x d f(;c)z%x2
e y= Zl.xz atx=2 d y= ‘3;(“ atx=1 e fx)=x+1 f f{x)=2x-3
e yzz-x"*at.r:-'l f y-;lx:atx: 10 0 f(x]z%xs h flx)=22+1
g y=xatx=1 h :

L,
y=3x atx=2 5 a Workout, from first principles, the

2 Use the method of differentiation from first derived function where
principles to work out the derivative and

i H)=x+x

hence the gradient of the curve.

) _ il fx)=F+x+1

a y=x"atthepoint(1,1)
| B0 = 3% 4 x— 5

b y=3xat the point (2, 12) Wi =r s

iv flx)=x*"+2x+3

c y=x*whenx=3
d y=4x-1 at the point (5,19) v flx)=x*-3x-1
t e i an PR o Do —
e y=x atthe point (6,18) vi flx)=2x"+5x-3
f  y=x>+1at the point (2,5) b Work out, from first principles, the

, ; derived function of
g y=2x"atthe point(1,2)
i flx)=6 i f(x)

I

0

i f)=—2 v flx)=n

h y=x°+2atthe point (2, 10)

3 Use differentiation from first principles to

work out the gradient of the tangent to ¢ Work out, from first principles, the

a y=2x'atthe pointwhere x=2 derived function of

b y=3x+2at(3,29) i flx)=x i f(x)=—x

¢ y= J;j at the point (4, 8) il f(x)=2x+1 iv f(x)=4-3x
g y= % T —— 6 Differentiate

e y= 24— 1at the point (-2, 7) 8 ysax =3 b y=3x-2x
f y=x"+xatthe point where x= 1 c y=2x d y=1-x°

g y=x'+xatthe point (2,10) e y=x -2 P y=x-a+y

Reasoning and problem-solving

To solve problems involving differentiation from first principles %
: : _ f(x +h)-f(x

6) Substitute your function into the formula f'( x ) = lim (' el )

=S AT h

2/,1 Expand and simplify the expression
@ Let fitend towards 0 and write down the limit of the expression, f'(x)
@,} Find the value of the gradient at a point (a, b) on the curve by evaluating f(a)

J/

Differentiation and integration Differentiation from first principles



1

— - —

©

Apply the algebra.

®

Find the derivative.

O,

Use the derivative and
the initial conditions fo

B(x+h) =3x°
f(x)=3x%x- so0. f(x)=Im 52 “ -
h= h
Bx” +Gxh+3h" — Bx°
=lim = lim(6x + 3h)
h=30 h =0
f(x)=6x =
Filak="b S0, 68= 16 =3 e
Fx=3then y=f(3)=3x32=27

form an equation.

®

The gradient is 18 at the point (3, 27) *—

Solve the equation you
formed.

At which point on the curve y = 5x" does the
gradient take the value given? Show your
working.

a 20

b 100

c 05

d Half of whatitis at (2, 20)

e Athird of what itis at (3, 45)
f

Four times what itis at (1, 5)

2 Atwhich two points on the curve y = x’ does

the gradient equal the value given? Show
your working.

a 3 b
d 003

12 c 27

1
e f 147
3

3 For what value of x will these pairs of curves

have the same gradient? Show your working.
y=x*and y=2x

y=2x*and y=12x

y=3x*and y=15x

a o o W

y=ax’ and y= bx where a and b are
constants.

For what value(s) of x will these pairs of curves
have the same gradient? Show your working.

a y=x’andy=x"+5x

 Exercise 4.1B Reasoning and problem-solving

b y=x'andy=3x*+9x

¢ y=x'andy=2x'-x

d y=x*andy=4x"-4x

e y=xX+3x+landy=7x+1

f y=2@+x-4andy=11x+2

g y=x-xandy=5x-2

h y=2r+3x*andy=12x

a Consider the derivatives of 1, x, x%, x°,
x*, and hence suggest a general rule
about the derivative of x”

b Consider the derivatives of 2, 4x, 3x°,
5x°, —2x* and hence suggest a general
rule about the derivative of ax”

¢ Test your rule by considering the
derivative of 2x’ and 3x°

d Can you say you have proved your rule?

Challenge
6 Canyou show from first principles that

1
a Thecurvey= o has a gradient of -4
1
when x = 5 ,
b The derivative of —is ——7?
X x
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Differentiating*-sx- ‘fand

You can use a simple rule to differentiate functions in the form ax”

& - ey

[ff(x)=ax" then [/(x)=nax""' o=

Lieibniz notation.

Fluen cy' and skills

If a function is a sum of two other functions, you can differentiate each function one at a time and

then add the results.

Ifh(x)=f(x)+g(x) then h'(x)=f"(x)+g’(x)

[saac Newton is credited with having come up with the idea of
Calculus first, but Gottfried Leibniz, a German mathematician and
contemporary of Newton, also developed the concept and devised an

alternative notation which is commonly used.

o For v, — v, he used the symbol 6y and for x,, — x,, he used the symbol 6x

¥

Yo=Y, Oy .oy dy
So——"=—_and he wrote that lim—=—= =

X,—X, Ox &-08y dx

Ify=f(x) then ﬂ:f’l’x)
dx !

)

Differentiating a function, or finding - ) , gives a formula for the

dx
gradient of the graph of the function at a point. This is also the

gradient of the tangent to the curve at this point.

Differentiate y=3x" + 4x°* + 2x+ 3

y Ay -4 + 2%+ 5 =3x + 4« -
ay -~ R | . o . -
-=DXIx" +Z2X4x +1X2x +0OX3x ' #——
Ax |
Il.y - = cl |
— = SX T oxTt |
A =

Integration Differentiating ax" and Leibniz notation

=] Tryiton
+1 your

calculator
You can use a calculator
to evaluate the gradient
of the tangent to a curve
at a given point.

bolbosnsd
dx (% _ZX}I_.H.

Activity

Find out how to
calculate the gradient
of the tangent to the
curve y =5x* - 2x where

\Lx = 3 on your calculator.




o

s Work out the derived function when f(x)=4 +E+ Jx+2x"
X

Write each term in the

f(x)=4x° +3x +x7 +2x7

; form ax
) =0x4x" +(-x3x " Hioe X+ TX2KE e —
. O ; Use F{x) = nax"' on
f (X):—BX +EK T+ 14K each term
3 1 :
f(x)=——+——=+14x"
£ 24x Simplify.
\ ‘_,l
Exercise 4.2A Fluency and skills
1 Differentiate 4 For each question partato d
3 A b 6y c 5x i Find an expression in x for the gradient
1 function,
d 8 e -1 f - _ ;
3 ii  Find the value of the gradient at the
B -2« h -x Ik given point.
ji =y k o [ 48 a Given that f(x) = 3x* + 4x — 6 work out the
. value of {'(-2)
m 5y B =x' 0o 0

b Given that y=2x*—5x° - 1 work out the

2 Work out the derivative of dy
value of a whenx=1

& Jx b x ¢ Yx 4
s . I - ¢ Acurve has equation y =10x + -

1 h 3 P 6 Calculate the gradient of the curve at the
g " 7o ¥ point where x=2
i ol K 3 s d Calculate the gradient of the curve

v Jx! V5 Ve i - 4 at the point (2,5)
m n X X

e i Expandy=x(x-1)
3 Calculate Y when y= ) dy
dx i Hence evaluate — when x=4 and
a x'+2x-3 b 1-2x-5x" y=x(x-1)
; iii Hence state the gradient of the

3 Z AL

GRS e n 4 et tangent to the curve at (4,12)

I -
R % f 3+x+ 2 5 Write an expression in x for —y and thus

' 1 3 10 , R calculate the gradient of the tangent to each
g x"—;;+i+5 h ;hl_l_t—j curve attf?epointgiven.

e 5 a y=2x’-5x+lat(1,-2)
I Al F s | L
: 10
i Yx b y=1-5x+—at(2,-4)
2 5 X

c y=x(2x+1)at(-3,15)

d y=J;+—\%_— at(4,3)

OMyMaihs (Q 2029 @




6 For each pair of functions, find which has 7 Acurveisgiven byy=x"+5x—8x+1

the greater gradient at the given point. Which of the following statements are true?
: ; dy d
y=x*and y=20 - x at the point (4, 16) a E>41-x'ht311x=1 b é{ﬂw}lenx:[}
X
b y=x*+3x-8andy=6-2xatthe point
' dy dy oyt
(2,2) ¢ —=0whenx=4 d —>0whenx=-2
: dx dx
¢ y=2x*+13x—18and y=2x+ 3 at the
Sy dy . dy 2
point (-7,-11) e — whenx=-4isequalto—whenx=—
dx dx 3
d y=3x-5x-2andy=x*-2x+3atthe q d
point (-1, 6) f ]—y when x=-1is equal to y whenx=1
= dx

e y=+xandy=2x—15 at the point (9, 3)

To solve differentiation problems involving polynomials with rational powers

| u FES e sav 2k P ol e s
YO EXFHESHIENT L belil) T el s O BIE Wl i aA

-
L-I ;' s 18 saVdE O difeirad 10 maKe yi
@ Apply f(x) = ax" = '(x) = nax"-" to each term to find the derivative.

@ Substitute any numbers required and answer the gquestion

Given that f(x) = f—ﬂ, find the expression f'(x) and hence find f'(4)

Jx

1 Work out the derivative with respect to x of

e m(x)=3x(2x"+x-3)

o  nw=a( )

b g(x)=(x-1)(x+1)
¢ hix)=x*(1=3x)
d kix)=vx(x+3)

H Integration Differentiating ax” and Leibniz notation



2 Giveny, find 214
dx

a y=x b y=x+J/x
G y:x—i_?‘l’; d y:li_.z\fx
X X
2 7
B J’Ax—x f :1+2JI
Jx X
X +3x=1 1 1
T e L
\ A
| yp=_b
T

3 Work out the derivative with respect to x of
each of these functions.

a f(x)=(x-3)(x+1)
b g(x)=(x-4)(x-5)
¢ h(x)=(1-x)}3+x)
d j(x)=(x+1)(2x+1)
e kix)=x(x+1)x-1)

f m(x}:(x+1}(v'{;+1)

4 The sketch shows part of the curve
y=(x—1)(x—7) near the origin.

a Work out d_y
dx

b Identify where the curve crosses the x-axis.

¢ Work out the point where the gradient of

the curve is zero.

d 1 Whereisd—yd]?
dx

o ..d
ii Whereis o4 =07
dx

e Choose the correct word to make each
statement true.

i When jf: <0, the curve is (rising/
falling) from left to right.

il When % >0, the curve is (rising/
falling) from left to right.

5 The sketch shows the curve

e A0 s
d o
.‘.
90 ¢
K0
70
6
50 4
40
30
20 A
1) A
0 r " T . - X
0 | 2 3 4 5 6

a Work tg“y*
ork out - -

b i Forwhich value of x is the gradient of

the curve zero? Show your working.
il What is the value of y at this point?
¢ For which values of x is the curve

i Decreasing, ii Increasing?

Challenge

6 Prove that the gradient of the function
f(x) = (x+ 1) at the point (1, 16) is 32
7 a Differentiate the function
f(x)=(x-1)(x+2)
b Work out the gradient of the curve
y=f{x)atx=5

¢ Atwhich point is the gradient equal
to zero?

d Aline with equation y=2x-k,
where k is a constant, is a tangent
to the curve.

I At what point does the tangent
touch the curve?

il What is the value of k?

eMyMaths C Q 2029
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Fluency and skills

When yis a function of x, the gradient of a graph of y against x tells you how the y-measurement is
changing per unit x-measurement.

The rate of change of y with respect to x
: d
can be written <
dx

ETE® The gradient of a distance-time graph is a measure of the rate of change of distance (r) with respect
to time (1), this is called velocity (v).

- i BaInY
graphs dr v

=
dt

. . ) ” dv |
If  metres per second represents velocity and ¢ seconds represents time, then the gradient, a is a
' ar

measure of the rate at which velocity is changing with time, in metres per second per second.

Koy panmy

: : L
‘The rate of change of velocity is called acceleration, a = s

Lk Acceleration is the derivative of a derivative, which is called the second derivative.
e Asimilar notation is used for the second derivative, f”(x), as for the first derivative, {'(x)
&ralion as

— "’J_l'"_ ——erry

i I R |

& desivative

dy ., ¥
!:f ’ 3—:{ ] e e == ',_’
y=Ff(x) i (x) 3 f”(x)

A particle is moving on the y-axis such that its distance, rem, from the origin is given by
r=t'+ 2 + t, where t is the time measured in seconds.

; : dr . . _
a Use the fact that the velocity =~ to tind an expression for the particle’s velocity,

dt
_ , dee e L . S
b Use the fact that the acceleration a T T to find an expression for the particle’s
i ar  ai
acceleration.
5 L5 4F _eumn T— ]
a r=t"+2t°+t —=5t"+4t+1 e———-ouu—d Usef'(t) = na
dt | |
dar a7
b —=53t"+4t+1 —=06t+4
I.,’ji- d(r

Differentiation and integration Rates of change




By differentiating a function and sketching a graph of the | - ; -
differential, you can find out whether it 'gradlerft
dy . meansan increasing
the function is increasing [E > 0), l function. A negative
! gradient means a

~ decreasing function. .I

e m A

the function is decreasing [% < {}],

or the function is neither increasing nor decreasing [ay = 0], in
which case you call it stationary.

Consider the curve y=2x" - 3x* — 36x + 2 l
a Work outg
dx -
b Use your equation from part a to sketch a graph of cL_y You must show your working. |m
X Fora
¢ Using your sketch, determine where the value of y is increasing and decreasing. ! b
skgiching.

d Work out where the value of y is stationary.

a y=2x"-3x"-36x+2
d 2 Differentiate to find th
A NP5 lﬂe.ren late to find the
dx gradient function.

b fﬁ:@(x? ~x—0)
dx

Factonse

= B(x~3)(x+2)

L ]

d
Whenx=0, EJ-;- =6(-3)(2)=-306 Determine where

the gradient function

L ]

d
Whe o O.x=30or-2 crosses the axes.
dx
dv
dv
J
Use this information |
1 to sketch a graph. 2= |
. You can also use your G
» O 1 o calculator to sketch the
function.
36
Ay et .
¢ From the sketch, — >0 (it's increasing) —
X
when x<—2 orwhen x> 3
a ) : 3
From the sketch, d_y <0 (it's decreasing) when -2 < x<3 Interpret the graph.
X
d The value of y will be neither increasing nor decreasing
(it is stationary) at both x=—=2 and x=3 — ‘

OMyMuths ( Q 2269, 2270




~—~+| Tryitonyour Activity

—J calculator Find out how to sketch the
You can use a 'calculat?r to curve f(x) = 3x*—x*+ 1 and
sketch a function and its its derivative ’(x) on your
derivative.

calculator.

J/

Exercise 4.3A Fluency and skills - _

1 Calculate the rate of change of the following 2 Work out thze rate of change of the rate of
functions at the given points. You must show

change, ——J: , of the following functions
all your working. dx
at the given points. You must show all your

a f(x)=x*+10xatx=4 working,
b g(x)=x+2x"+x+latx=-1 a y=x +xatx=3
10
¢ h(x)=5x+6atx=1 b y=—atx=2
X
1
d k(x)=x+—atx=3 1
x € y=—f4atx=1
Jx

e m(x)=9x"+6x+latx=1 o
g y=—x -dtr=—2

o -2 e 4
f n(x)=x"+x7atx=-2 e y=x'-—atx=2
x

1 1
g P("‘):ﬁatng f y=x"+4x"+3xatx=-1
h q(x)=x'+latx=36 g y=+xatx=025
i r(x)=x'-8x*atx=-2 h y=3x—4Jx atx=0.16
i s(x)=Jx-xatx=4 i y=4-ax, where ais a constant, at x=—3
- 1 1
K t{x)=2natx=7 ] rv=x+2+—atx=—
X 2
1
| u(x)=4-3xatx=-10 K y=—atx=05
X
1 2 _.3 4 5
m v(x)=—7p atx=-1 | y=lex+—t—4 4 atx=—p
oK 2 6 24 120
n w(x)=1-3x-2x"atx=0 3 Using the gradient function of each curve,
9 determine where the curve is
2 - -
0 y(x)=—%+2x"atx=3 I Stationary,
X " .
il Increasing,

p z(x)=20\/}+£}9—gatx:25 iii

T

Decreasing.

Differentiation and integration Rates of change




a y=x"+4x-12

\.".{
. ey
b y=3-5x-2x° ‘.?.4

. X
c y=x"-1 I ¥
r- - . dy .
d y="—4x+1 4 By finding expressions for l- , determine
- 3 _ - dv
¥ which of each pair of functions has the
-1 47 =l ) = P . :
B =0 el «,"‘ greater rate of change with respect to x at
x¥?  3x° the given x-value.
I Y=+ 2x~] ) )
3 2 a y=x"and y=—x" atx=-1
W
- : - I -
9 =i >0 b y=5-3xand y=— atx=0.5
g ¥
£ o7 -0 € y=x"-2and y=x"-x-2 atx=3

d y=1+10x-x’ and y=x—x* atx=2

Strategy

. N
'i Ance [ Yen N 1 a nf chan
(—I ina a r N Orr 5TaTa el
’./:?.' rate of
o
(3)
I ,
| il | L H | l d
= S

A conical vat is filled with water, The volume in the vat at time f seconds is Vml.
Vis a function of t such that the volume at time ¢ is found by multiplying the cube of by 50n
a Work out V'(#), the rate at which the vat is filled, in millilitres per second.

b Calculate the rate at which the vat is filling with water after 3 seconds.

I - w4

j

L | ' l

a\Vit)s= L s e S ] ————
Jf i: l[- |8 L P [_ —— T./_’2-\1|

| ) aet a e

1 for int |

b V'(3)=150nx3 | ra : |
M L S |

=50 &%

After 3 seconds, the vat isfilling at therate of 4241 mls”"! oo e 1 4 )

(4 5f)

oMVMf‘-i-"F ( Q  2269,2270 i‘ﬁﬁ““i( '-f'jl
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a. " An object is thrown into the air. Its height after ¢ seconds is given by
' h=1+ 30t- 5t where h is its height in metres.

a Write down an expression for the rate at which the object is climbing, in metres per second.

b Work out

i When the object is rising,
ii When the object is falling.

¢ After how many seconds does the object reach its maximum height?

bk

a h=1+30t-5t ENTE g Suirenes
al
i T . @
dt Differentiate to get a
L_. e e formula for the rate of
. dh change.
bi E)O:::.?JO—“iOt}O *—
®
30> 10t ' Evaluate when the ratel\‘*
t<3s of change is greater
than zero.
The object Is rising before the third second. #-— e
g —1{8)
Ih—<0=30-10t<0 Answer the question,
dt ' | remembering units.
: o= 10 .
' t>3s

The object is falling after the third second.

c ﬁ=O=:'EJCJ—‘IDt:G‘
dt

A="T0"
t=3s

At exactly three seconds the object has reached the top of its
] flight and is neither rising nor falling.

L

Exercise 4.3B Reasoning and problem-solving

1 Ataxidriver charges passengers according removed from the freezer, is given by
to the formula C(x) = 2.5x + 6, where C is M(t) =500- 7.5t
the cost in £ and x is the distance travelled " dm A
) a  Work out ——, the rate at which the mass
in km. dr
is changing.

Work out the rate in £ per km that the taxi
driver charges. b Your answer should have a negative sign

in it. Explain wt is is.
2 A block of ice melts so that its dry mass Platiwhyitie 15

M, at a time t minutes after it has been

“ Differentiation and integration Rates of change



The volume of a sphereis V = %mj

The surface area of a sphere is S=4nr’

A spherical bubble is expanding.

a Find an expression for the rate of change
of the volume as rincreases.

b Calculate the rate of change of the volume
of the bubble when its radius is 3 cm.

¢ Calculate the rate of change of the
surface area with respect to the radius
when the radius is 3 cm.

A parabola has equation y=35-2x—x’

a Work out the rate of change of y with
respect to x when x is equal to

I -2 H. 2 il 5
b When will this rate of change be zero?
A skydiver jumps from an ascending plane.
His height, # m above the ground, is given by

h=4000+ 3t—4.9¢, where t seconds is the
time since leaving the plane,

a Work out %?. the rate at which the

skydiver is falling.
b How fastis he falling after 5 seconds?
¢ How fastis he falling after 10 seconds?
d Calculate his acceleration at this time.,

A golf ball was struck on the moon in 1974,
Its height, hm, is modelled by h =10t — 1.62F,
where f seconds is the time since striking

the ball.

dh
a Calculate E the rate at which the

height of the ball is changing.

b After how much time will the ball be
falling?
¢ Calculate the acceleration of the ball in

the gravitational field of the moon.

A cistern fills from empty. A valve opens
and the volume of water, Vml, in the cistern

t seconds after the valve opens is given by
V =360t -6t

a Write down an expression for the
rate at which the cistern is filling after
t seconds.

b Calculate the rate at which the cistern is
filling after

i 10seconds, ii 20seconds.

¢ When the rate is zero, a ballcock shuts
off the valve. At what time does this
occur?

d What volume of water is in the tank
when the valve closes?

For each function

i Work out an expression for the rate of
change of y with respect to x

i Evaluate this rate of change when x=0

iii By expressing the rate of change in the

form gx'z =(x+a)’ +b, establish that each

function is increasing for all values of x
3

a y:%+5x2+30x+1
x:i

b y=?;—&f442x—4
3

. 1

c yzx———,\:“+8x+-

3 2 2

The derivative of a function is

d 2
=gy 17
dx

Show that the function is always decreasing.

Challenge

10 A curve has equation

y=x'+ iz, § ) |

dp . d'y

' od’

b Show that the gradient of the curve
is an increasing function.

a Workout i

@MyMaths ( Q  2269,2270
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1 : :
—— for perpendicular lines.
m,

The tangent to the curve y = f(x), which touches the curve at the
point (x, f(x)), has the same gradient as the curve at that point,
giving m,. = f’(x)

The normal to the curve y = f(x), which passes through the point

(x, f(x)), is perpendicular to the tangent at that point.
1

= 1
Jiving m,, =———=—
BIVIEE My m, f'(x)

A curve has equation y=2x* - 3x - 10
a Work out the equation of the tangent to the curve at the point (4, 10)

b Work out the equation of the normal to the curve when x=-2

8 y=gxy"=SHx—-10 859 —
ax
At the point (4, 10) the tangent has gradient

dy |
L =4xX4-3=13 e—0 — -

dx
The equation of the tangent is

(y=10)=13(x— 4) o - —— |

y=13x~42

b When x=-2 .

Y= 2 (-2F B (-0 |G e — 2|
y=4 |

So (-2, 4) is a point on the normal.

At (-2, 4) the tangent has gradient

__Y 7 I:'- F’:I — :1 = —- ]
"y L,
So the normal has a gradient of — » e e e
|
The equation of the hormal is e
3 | f Y e
i v ) - — 1 Usely

a4
\o— o= L
1 I__r A T

Differentiation and integration Tangents and normals

,are perpendicular to each other, m, xm, = -1

A line with gradient
m passing through
the point (a, b)

has equation
(y=b)=m(x—a)




Exercise 4.4A Fluency and skills |

1

Work out the equation of the tangent to each 4
of these curves at the given points. Show
your working,.

a y=2x*+3x-1at(1,4)

b y=3-x—-x"at(-21)

c y=2x*+3x%at(l,5)

d y=5v'-x'at(2,4) 5
e y:%at{'_’». 1)

f _y:]—{jatu,l)

:
g y=+xat(9,3)
h 2D at(25,5)
'=—=at (25,5
¥ ﬁ 9
, 2
i y=Jx+—at(4,3
¥ \/}a( ]
| y=——+at(1,2) 6
A X

Work out the equation of the normal to each
curve at the given points. Show your working.

a y=x*+2x-7at(21)
b y=4-5x—x%at(-3,10)
¢ y=3-x'at(2,-5)
d y=x'+2x"+x%at(1,4)
] y:E at (2,3)

X

f y=vx+xat(4,6)

9 y:l_+ﬁas{4§)

‘-
1
h y:—T+£ at(1,2)
X X
A curve has equation y = 3x°
a Work out the point on the curve with
x-coordinate 3

b Work out the gradient of the curve at this
point. Show your working,.

¢ Work out the equation of the tangent to
the curve at this point.

A line is a tangent to the curve y = x* + 3x—1
at the point (1, k)

a
b

c

What is the value of &?

What is the gradient of the tangent at this
point? Show your working.

Work out the equation of the line.

A curve has equation y=x"+7x—9

Calculate the point on this curve with
x coordinate 1

Calculate the gradient of the tangent to the
curve at this point. Show your working.

Hence state the gradient of the normal to
the curve at this point.

Work out the equation of the normal to
the curve at this point.

2
A curve has equation y=2x + —
X

Calculate the point on the curve with
x-coordinate 2

Calculate the gradient of the tangent to the
curve at this point. Show your working.

Hence state the gradient of the normal to
the curve at this point.

Work out the equation of the normal to
the curve at this point.

A parabola has equation y = x* + 6x +5

i Work out the gradient of the tangent
at the point where x=-3 . Show your
working.

ii Give the equation of the tangent.

Give the equation of the normal to the
curve at this point.

In a similar way, work out the equation
of the tangent and normal to each curve
at the given point. Show your working.

I y=x*+2x-24atx=-1
i y=x*+10xatx=-5
i y=21+4x-x?atx=2
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Reasoning and problem-solving

nt or normal meets a curve

) Differentiate the function for the curve

) Equate this to the gradient of the tangent or normal (remember m = ——).

The line y=3x + b is a tangent to the curve y=2x+4 Jx,x>0
a Work out the point where the tangent meets the curve, thus find the value of the constant b

b Work out the equation of the normal to the curve at this point.

a y=2x +4x =2x+4x? = ;/1
| .\-\._,-Jl
ij‘\, | | if ntia 1
=24 —X4x " " = E fin
x @ |
2
f \f:
50 =
e | - = g ¥ 3
‘ir | L C A1 4 ]
502-0- :3‘ = - — s - SR | 1

S I__

x cannot be hegative.

When x=4 —— g -
2 = I..: A2 —_——— ——— — [ 4 \
V=2 X4 +4 X4 =16 =— - . — e — f\_:}._

! L

i |

So the tangent touches the curve at (4, 16) e — —

b=4

i
o

|II
I N - - —
y=lo=-—=(x—4) » = " y-b '
o
e i
v -
B 2 =

Differentiation and integration Tangents and normals




To work out the area bound between a tangent, a normal and the x-axis/y-axis
@ Work out the equation of the tangent and, from it, the equation of the normal.

@Wur'k out where gach fing crosses the required axis. Lines cul the x axs when y - 0,
and the y-axis when x=0

@ Sketch the situation if required.

1 _ _ _ .
@ Use 4 -~ « base - bewht, whane the baseds the lendgth bebween the intercepts on the x-axis or y axis
and height is the y-coordinate or x-coordinate respectively.
_J
’ The point T (1,2) lies on the curve y = x" + x ';' '
. Work out the triangular area trapped between the tangent and
the normal to the curve at this point and the x-axis.
The gradient of the tangent at 7(1,2) is "
X
ay : Ol /A M B
—=3x +1=3+1 »

ax - : |
Substitute the i

=4 =i

. x-coordinate of the | t

So the gradient of the normalis — point. Remember you
(y—b)=m(x—a) - 2 could do this using your
ol g
y—2=4(x-1) - calculator.

This crosses the x-axis when y=0 Use m

S0, 0-2=4(x-1)

| Use(y—b=mx—ato

e E 1 work out the equation of
Therefore, Ais the point ( -, OJ - the tangent.
2
: , 1 1

Equation of the normalis y—2= —Z{x— 1) Wik ot aaiiticn
This crosses the x-axis when y=0 of the tangent.

-1
S0, 0-2=——(x-1) @

4 Work out where -

=05 -

each line crosses the
required axis.

Bis the point (8, 0)

1 w1 f.D
Seseateemi Use the equation of the'
MT=x. =2 = tangent to work out the
: . equation of the normal.
Areaof triangle= —XABXMT e
P 1 : Use A |
==X8—=X2 =&— (square units) 1 !
2 2 2 Area = — x base x height I

MyMath Q 20 SEARS
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Exercise 4.4B Reasoning and problem-solving

b  Work out the equation of the normal to

The line with equation y=1-3xisa
tangent to the curve y=x"-7x+k
where k is a constant.

a Calculate the value of x at the point

where the tangent meets the curve. 6

b Hence calculate the value of k

the curve at the same point.

¢ Calculate the area of the triangle bound
by the tangent, the normal and the y-axis.

A cubic curve y=x"+x°+2x+1 hasa
tangentatx=0

2 Thecurvey=x +§—,x> 0 has a normal a Work out the equation of this tangent.
X
that runs parallel to the line b  Work out the coordinates of the point
B where the tangent crosses the curve
y=3x+4

again,
Work out the point where the normal crosses

3 ¢ Work out the coordinates of the point C
the curve at right angles.

where the tangent at B crosses the x-axis.
3 a Workoutthe equation of the normal to

' d Calculate the area of the triangle BCO
the curve y = x* —3x+1 at the point A, g et g

where O is the origin.

where x=1
¥ 7 Aparabola has the equation y =2x” —3x+1
a Work out the equation of the tangent
to the curve that is parallel to the line
y=5x
B
b Work out the equation of the normal at
0 ! this point.
! 8 Apointinthe ﬁrst quadrant (p, g) lies on
the curve y=x"+1

b Work out the point B where the normal The tangent at this point is perpendicular to

at A crosses the curve again. the line y = =
' 12

¢ Prove that the line AB is not normal to a Calculate the values of pand g
the curve at B - '
> : b Whatis the equation of the tangent at
2x +1 1+4x
4 The curves y= and y = , X#0 this point?
).'
intersect at the point (a, b). At this point, the ¢ What is the equation of the normal at

line that is the tangent to one curve is the
normal to the other line.

this point?

18
9 Anormaltothecurve y=x+—, x>0, is

a Use two methods to work out an X

expression for the gradient of this line.

parallel toy=x

a  Work out the coordinates of the point
where the normal crosses the curve at
right angles.

b  Work out the point (a, b)

¢ Work out the equation of the line.

5 a Workout the equation of the tangent to b Work out the equation of the tangent at
this point.
the curve y=2- 2 whenx=3 AR
A
LULE  Differentiation and integration Tangents and normals




10 For each parabola

Express the equation in the form
b+ (x+a)

Hence deduce the coordinates of the
turning point on the parabola.

Work out the equation of the tangent
and the normal at this point.

Comment on your answers.
y=x"+6x-1

a
b y=x*-10x+5

c y=x-3x-7
d y=4-8y-x
e y=x"+4

f y=1-2x-x*

11 A parabolic mirror has a cross-section as
shown.

Y
o)

The branch above the x-axis has equation
y= 10Vx

The branch below it has equation y =—10yx

The line AB is parallel to the y-axis.
l"el; x#'l. = x.’l’ = p

Work out the equation of the normal to

the curve
i AtA ii AtB

Show that these two normals intersect
on the x-axis.

12 The parabola y = 4+2x—2x’ crosses the
y-axis at the point (p, g)

a
b

State the values of p and g

Work out the gradient of the tangent of
the curve at this point.

Work out the equation of the normal to
this point.

The curve crosses the x-axis at two points.

i  Work out the coordinates of these
points.

il Work out the equation of the normal
at both points.

A related curve, y =4-2x’ crosses the
y-axis at (0, 4)

Work out the equation of the normal to
this curve at this point.

Challenge

13 a Work out the equation of the

60
tangent to the curve y = 360 (x=1)
%

at the point where x= 30

b  Work out the equation of the

normal at the point where x = 60
i At what point is the gradient of
the normal L?
10

i Give the equation of this
normal.

d Theline y=-40x+k is a tangent to

the curve.

i At what point does this line
touch the curve?

il What is the value of k?
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Fluency and skills

When a curve changes from an increasing function to a decreasing function or vice versa, it passes
through a point where it is stationary. This is called a turning point or stationary point.

| e G L
At a turning point, the gradient of the tangent is zero. ~ e
Therefore, you can work out the coordinates of the
turning point by equating the derivative to zero.

Here are examples of a maximum turning point and a minimum

turning point.

Increasing Decreasing Decreasing Increasing

fix)y=0 fix)<0 f’fn-'n-—k- fx)>0

At a maximum turning point, as x increases, the gradient changes

from positive through zero to negative,

At a minimum turning point, as x increases, the gradient changes
from negative through zero to positive.

A turning pointis a
stationary point, but
a stationary point

is not necessarily a
turning point. You
will learn about
other types of
stationary point in
Section 15.1

Work out the coordinates of the turning point on the curve y = x* +4x—12 and determine its

nature by inspection of the derivative either side of the point. Show your working.

: dy _ . Preste

y=x"+4x=12 s0 —=2x+4 e = = __...| Differentiate |
dx - 3 e

At a turning point, ————————

iy Find the val |

S =0=2x+4=0=x=-2 e e ————— |

ax |

y=(-2f +4x(-2)-12= y=-16 /o

3

The turning point is at (-2, —16) e

At x=-2.1 =2(=2.1)+4=-0.:
dx

Abx=—1.2 —=2(=1.9)44=202 se— - - - -
dx

The gradient is increasing from negative to positive, so the point

o] 4

(=2,-16) is a minimum turning point

Differentiation and integration Turning points

5 m ni



Try it on your
calculator

You can find turning points
on a graphics calculator.

Activity

Find out how to find

the turning points of
y=x'-3x*—9x+1lon
your graphics calculator.

~

As well as by inspection, the nature of a turning point can be determined by finding the second

d-xl

derivative with respect to x,

)

If the gradi td—"'
e gradient, i’

:

At a maximum turning point, —}2: <0
dx

dy

If the gradient, ——,
e gradient,

At a minimum turning point, % >0

is decreasing and the second derivative is negative, the turning point is a maximum.

is increasing and the second derivative is positive, the turning point is a minimum.

and determine its nature.

1 d 1
y=x+— 80 e
X dx X

2

d 1
At a turning point, & -0s01- —=0
dx X

Solving for xgives x =+ 1
but x>0, s0x="1

When x= 1,

" : ) 1
Use calculus to work out the coordinates of the turning point on the curve y=x+—, x>0
x

Substitute into the

iT
=== &
HEE

So the turning point is at (1, 2)
Y

=T

original equation,

Find the second
derivative to determine

The second derivative is positive, so the turning point is a minimum.

the nature of the
turning point

QMyMuths C Q 2270




Exercise 4.5A Fluency and skills
5

1

4

For each curve, work out the coordinates of
the stationary point(s) and determine their
nature by inspection, Show your working,

a y=x*+4x-5 b y=x*+4x-32
C y=x-6x~7% d y=1-x*

e y=2x"4+7x+6 f y=20-x-x°
g y=6x"-x-1 N y=2-13x—7x°

| y=6-x—2x* i y=x+i,x>0
X

k y=2.r+£,x:[}
X
I y=10—x—l,x;t0
X

m y:x—l{)\f},x;}{)
n y=x>-32Jx,x20

The curve y = x* — 6x” has two turning points.

a Work out the coordinates of both turning
points. Show your working,

b Use the second derivative to determine
the nature of each.

Work out the coordinates of the turning
points of y=2x" + 30x” + 1 and determine
their nature. Show your working.

fx)=2x-9x*+12x+7
a Differentiate f(x)

b The curve y=f(x) has two turning points.
Work out the coordinates of them both
and determine their natures. Show your
working,.

¢ Repeat this process with the following
functions.

i fx)=x-3x*-24x+1
ii flx)=x"+3x*-45x—-45
i fx)=1-36x-21x*—2x
v f(x)=2x-11x-8x+2
v flx)=3-4x+5x?-2x"

vi f(x)=5+x—2x*—4x?

Differentiation and integration Turning points

The function f(x) = 3x* + 8x® — 6x* — 24x—1

has three turning points.

a Show that stationary points can be found
atx=1,x=-1land x=-2

b Work out the coordinates of the three
stationary points.

¢ Use the second derivative to help you
establish the nature of each.

The function f(x) = 3x* — 4x’ — 36x* has three
turning points. A sketch of the graph of the
function is shown.

Vv
ciy -
t

r JJ\

4k

—

\-2

p 3
/V/_.. \]\

" X /

N/

e N

7

a The sketch suggests that these turning
points can be found at x=-2, x=0 and
X=d3
Show that this is the case.

b Use the second derivative to verify the
nature of each turning point.

A function is defined by f(x)=8x +E, x>0
X
a Show that the only stationary point on
the curve y=f(x)isatx=3

b State the coordinates of the stationary
point and determine its nature. Show
your working,.

¢ Arelated function is defined by
72
f(x)=8x+—,x#0
x
It has a stationary point at x=-3

Determine the nature of this stationary
point. Show your working,.



asoning and problem-solving

To identify the main features of a curve

(\9""?""?”"# out where it crosses the axes 0and y=_C
(2 ) Consider the behaviour of the curve as A tends to minity and identify any asymptotes

/- Ay i 3 [ My - 4 . it
'\3\\ Work out the coordinates of the tunung poimls 0 [ and determine their nature.

!‘ \-\'. i 1 = {
1\4,)" Use the mtormation you have found lo sketch the funchion J See Ch2.4

y={x—10)(x+5)x+14) A,
a Show that the curve crosses the y-axis at (0, —700)

b Show that there is a maximum turning point at (—10, 400) and a minimum turning
point at (4, -972)

¢ Sketch the curve. e _(;\

a The curve crosses the v-axis when x=0 I Cross

Soy=-10x 5% 14 _| e
==700, giving (0, =700) as a point on the curve. e—m ———  Expand

h _\:'I‘ X —fl_“H W4 "__)” W -|- ‘1-}

e 5 e TaTd N
V=X —JX - ]_L-...I‘ﬁ_.f\_'-'-_»'l .

=3x" = 18x-120=3(x—4)(x+10) +——— ——

(j;
S

)|

=0=x=4andx=-10 —— il
Ty A dx | L
VWHEN X = & I Work out the

y=(4-10)(4+5)(4+ 14)=-9272, giving (4,-972) -

LA il 1)
wnen x=-—"10

Stationary points occur when

W

-
-

_ .
T S - e e et o -

When x= 4, the second differential is positive so (4, —972) s a 3)

minimum turning point

When x==10, it is negative so (=10, 400) is a maximum turning point. — 1. " |
¢ ) Li"'i.:ir-!'- I.
| - W B pecomm—; ).
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To optimise a given situation

- . _ :
(4 b Exoress e cependent vonabln issy 1 as a hinction of tine independent variable (say x)

¥
@ Differentiate y with respect to x

@ Let the derivative be zero and find the value of x that optimises the value of y

@ Examine the nature of the turning points to decide if it is a maximum or minimum.

@ Put your turning point in the context of the question.

A piece of rope 120 m long is to be used to draw out a rectangle on the ground.

What is the biggest area that can be enclosed in the rectangle?

Let x represent the height of the rectangle in metres,

So width =%m 20-2x)=60—x &=

60 — x

Use the fact that
perimeter = 2 x width +
2 x length =120 o
write width in terms of
length

60— x

The area, A= x(60—x)=60x—x" o

Identify your variables —
a skeich helps

dA

@

Express A, in terms
of x

—=60-2x
d x L
At a turning poin

®

Differentiate with
respect to x

dA
——=06000 —2xX=0 Enm—
i
x=30 l
Differentiating again gives
d° A
—=—2 e
dx” |

This is less than zero, so the turning point is a maximum.
The greatest area will be enclosed when x= 30

S0 A, =30(60-30)
=900

The greatest area that can be enclosed is 900 M®, @

©

Let the derivative be
Zero.

O

Find the nature of the
turning point.

Lc—mtﬁ-xt

O,

Use the value of x to
answer the question in

(AU Differentiation and integration Turning points




Exercise 4.5B Reasoning and problem-solving

Two numbers, x and 1000 — x, add to

make 1000. What would they need to be to

maximise their product?

The product of two positive whole numbers,
3600

xand ——, is 3600. Their sum is the smallest

X
it can be. What are the two numbers?
Two numbers, xand y, have a sum of 12

What values of x and y will make x’y a
maximum?

A wire model of a

cuboid is made. The
total length of wire
used is 600 cm.

a Expressyintermsof x

b Express the volume of the cuboid in
terms of x

¢ Find the values of x and y which
maximise the volume.

A rope of length 16 m is used to form three
sides of a rectangular pen against a wall.

wall

.1.
a How should the rope be arranged to
maximise the area enclosed?

b Another length of rope is used to enclose
an area of 50 m? in a similar way. What is
the shortest length of rope that is needed?

The point A(x, y) lies in the first quadrant on
the line with equation y =6 — 5x

A rectangle with two sides on the coordinate
axes has A as one vertex.

a Work out an expression in x for the area
of the rectangle.

b Work out the point for which this area is
a maximuimn.

A small tray is made from a 12 cm square of
metal.

Small squares are cut from each corner and
the edges left are turned up.

~£m

What should the side of the small square be
so as to maximise the volume of the tray?

A fruit drink container is a cuboid with a

square base. It has to hold 1000 ml of juice.

Let one side of the square base be xcm and

the height of the container be hcm.

a Express hinterms of x

b Find an expression for the surface area
of the cuboid in terms of x

¢ Find the value of x that will minimise the
surface area (and hence the cost of the
container).

Challenge

9 A cylindrical container has to hold
440 ml of juice.

a Express its height hcm in terms of
the radius xcm.

b The surface area of a cylinder with
a lid and a base is given by

2nx’ +2nxh

Calculate the value of x that
minimises this surface area.

Show your working and write your
answer correct to 2 decimal places.

¢ Ifthe container doesn’t need a lid,
how does this affect the answer?

OMyMuths ( Q 2270




Fluency and skills

The reverse process of differentiation is known is integration.

To differentiate sums of terms of the form ax” you multiply by the

power then reduce the power by 1 to get nax™"

To integrate you do the exact opposite: you add 1 to the power then
divide by the new power.

When you differentiate a constant, the result is zero. So when you
perform an integration, you should add a constant, ¢, to allow for
this. This is referred to as the constant of integration. The value of
this constant can only be determined if further information is given.
Ty
Integrating x" with respect to x is written as e

i+

X
x'dx= ?‘FC. n+-—1
n

When a function is multiplied by a constant, the constant can be
moved outside the integral.

Jaf(x}d.t' :ajf[ x)dx where a is a constant.

When integrating the sum of two functions, each function can be
integrated separately.

Given that displacement is a function of time r(z), then velocity
v(t) =r’(t). Reversing this, we get

F- Aanh 2 g
T l_-.-:J..-".-l-b

_[vf!)d.':rif'lﬂ'

Given that velocity is a function of time v(¢), then acceleration
a(t)=v’(t). Reversing this we get

Ry
1" ‘

. Py e
R, M s LS,

Ia(r}drzvfrhc

The Fundamental Theorem of Calculus shows how integrals and
derivatives are linked to one another. The theorem states that, if f(x)
is a continuous function on the interval a < x < b, then

b Ll .J:'I;Ti.nn. _.J.I,.L_‘
J f(x)dx =F(b)-F(a) where 3 -(F(x))=1f(x)
a X

Differentiation and integration Integration

When you perform
an integration you
can check your result
by differentiating it -
you should get back
to what you started
with.

You may see this
rule referred to as
the sum rule.

J{ f(x)+g(x))da=
| !t‘{.\']d_\'+J-g[,\'}d,\'



&
f(x)=6x*+3x+—=+4
(x) =

a Integrate to find f(x)

a f(x)= J[ﬁxﬁ +3x°

b Given that the point (1,4) lies on the curve y=f(x), find the constant of integration.

)
+—=+4 [cx
J; L

= [6x%dx+ [ 3xPdx+ [ x ldx+ [4x°dx e
Joxax+ [axtdct [xdet |

Express all the terms in
index form and use the sum
rule to isolate functions.

integrate using

4=§+1 +2+4+c =

_6x"'+5x3+x +4x1+_ g
= = o ax” dx = "t
_ 2
==\ 2N A e ——
Simplify.

=
b y=§-x4 +X°+2x%" +4x+c

Substitute in coordinate

values for xand y

Rearrange and evaluate.

Exercise 4.6A Fluency and skills

1 Work out the integral o

f each function with

respect to x, remembering the constant of

integration.
a 10
6x°

25x"
3x+1

- 3 m O

3x° +6x+2
3-4x-6x°
3—~x-24x"
X +3x -
xi—x*+1

3x'-x°

= ©w o o 3 x

1-x72-x"
3 x- %erl' +27x
2 Find

a Ildx

c I(6x+7)dx

e J(x2+x+1)dx

OMyMaths ( Q  2054,2055

3x
12x°

xﬁ

5-4x

= = O o

12x*+6
e O |
2 +4x+1

2x '=x "

| =
¥ -xt+x+6
1

I 4 »
Xt =3t

1 _;
—x"'—x"'+4
3

X = = = T =

Xr=x-1-x"

b dex
d I(B ~2x)dx
f J(1ﬂ4x-—3x"‘)dx

g [(ax’+2x-7)dx h [(2+9x*-12x")dx

i [Vxdx i [Vxdx
k J-\{%dx | jxﬁdx
3 Workout
a Ifmdx b j(3n+x)dx
c I(x’sinSD')dx d _[(x”+6,r]dx

e J.4x"+4x—28dx f I(f+t:—_,]dx

q J[v{;—%)dx h j(ﬁx—%)dx

N ER A Chah

k J.x+-J1—J_cdx I I[J«.':“%+l]dx
m J(;lz—+%]dx n sting+xgsin§dx
0 _“312——\/1;*7(11: p J[ xﬂ;x]dx

q j%dx r j%dr




4 ‘The derivative and a point on the curve 5 Work out the function, f(x) for the given

y=f(x) are given. f’(x) and the point ( x,f(x))
Work out the function f(x) a f(x)=4x+3;(2,4)

a f'(x)=6x"at(1,5) b f{x)=10:(1,12)

b f{'(x)=12x"at(2,18) ¢ fx)=3¢+2e L;(-2.1)
¢ f'(x)=5Vxat(9,100) d f/(x)=4x+3Jx;(1,5)

Reasoning and problem-solving

T i g | ! ~ e o R 5 e T
) solve problems that require integration

o
C‘ YiAAart . yo vhilas AarnA ' 1 e nrabiorm ae a matheamatiral amiatinn
, I

(\4 Substitute ¢ into the equation and answer the questio

“The particle starts from rest’
A moving particle has acceleration =10 cms™ means when =0, v=0

The particle starts from rest 50 cm to the right of the origin.

a Express the velocity as a function of time.

b Express the displacement from the origin as a function of time. ~
A
¢ State the acceleration, velocity and displacement after 3 seconds. 3z
|
I
= |-104t | e
.' = S
% 1.r,j-1,4r o
=—10t+¢c = - —e 1
viO)==10x0+ O :
{ () > - —( 3 \
Sov(t)==10t e— - - . '
b Illzjv{fj 11 c i z O cm
= [(-101)a (3)=—-10x% (a
; . L em | 1
==2)1 T :f\ | v - : : |
s{O)=-5X0*+¢c=50 . '
g
o= I III
So s(t)=-5t°+50

Differentiation and integration Integration




Exercise 4.6B Reasoning and problem-solving

Given that the rate of change of P with
respect to tis 7, and that when t =4, P=2

a Express Pintermsoft
b Workout Pwhent=5
¢ Workout fwhen P=16

It is known that f’(x)=1-6x and that f(3) =6

a Calculate f(-2)
b For what values of x does f(x)=0?

Kepler was an astronomer who studied the
relationship between the orbital period, in
yyears, of a celestial body and the mean
distance from the Sun, R (measured in
astronomical units AU). The rate at which

the period increases as the distance from the
. o dy 3 .
Sun increases is given by a}i = r
;
a Express yinterms of rand c, the

constant of integration.

b The Earth is 1 astronomical unit from the
Sun and takes one year to orbit it. Find the
relation between y and r

¢ Marsis 1.5 AU from the Sun. How long
does it take to orbit the Sun?

d Saturn takes 29.4 years to orbit the Sun.
What is its mean distance form the Sun?

The rate at which the depth, h metres, in a

reservoir drops as time passes is given by
dh

e gzq —4t,t >0where tis the time in days.
When (=0, h=4

a Express has a function of ¢

b Whatis the depth after half a day?

¢ Whenis the depth 16 m?
The second derivative of a function is given
by d—y =12x+1
dx”
Whenx=1, dy _ 4
i d
a Work out an expression in x for Ex-‘i

b Whenx= l.y=£.Whal is the value of y
when x =27

6

8

The second derivative of a function is given

thguzz,yzl andg}izg
dx
What is the value of y when x = 47
a A particle moves on the x-axis so that
its acceleration is a function of time,
a(t)=2t. Initially (at t =0) the particle was
2 cm to the right of the origin travelling
with a velocity, v, of 2cm s ™.
i Express the velocity and the
displacement, s, as a function of ¢
ii Calculate both velocity and
displacement when =1
b Repeat part a for particles with the
following initial conditions.
i a(t)=6;s(0)=-2v(0)=5
i a(t)=t+1;s(0)=1;v(0)=2
il a(t)=1%s(0)=0;v(0)=-1
A piece of rock breaks away from the White
Cliffs of Dover.
Its acceleration towards the shore, 90 m
below, is 5ms~.

Let t seconds be the time since the rock broke
free. Let v(f)ms™' be its velocity at time ¢. Note
that when t =0, the velocity of the rock is 0

How long will it take for the rock to hit the
shore?

Challenge

9 The velocity of a particle is given by
v(¢) =4 + 3t where distance is measured
in metres and time in seconds. After
one second the particle is 6m to the
right of the origin.
a Where was the particle initially?
b Whatis its acceleration at ¢ = 5?

¢ How far has it travelled in the fifth
second?

d Work out an expression in n for the
distance travelled in the n" second.

@ MyMaths ( Qs




Fluency and skills

You can use integration to find the area between a curve

and the x-axis. To do this, you perform a calculation using i th. b))
a definite integral. vl
’ . {er. Ter))
b -
A definite integral is denoted by J f({x) dx
a
: o LI TR 1 i .
bis called the upper limit, and a the lower limit. o b

Consider a continuous function y = f(x) over some

interval and where all points on the curve in that interval = ICT
1
lie on the same side of the x-axis. The area, A, is bound by Resource
y=1f(x), the x-axis and the lines x=a and x=b wherea<b e online
Consider a small change in x and the change in area, A, that To experiment with
results from this change. numerical integration
Ty ; . ; using rectangles, click
Use Leibniz notation where dx represents a small change in x and ' g ) & e
5 ; e this link in the digital
oy represents the corresponding change in y
book.
A il L J
i Lo
\L/ . Zooming in you can see a
T O -
' vl 84 i small section of the area,
trapped between vertical
lines at x and at x + dx

|
‘ \ ol v by

The small area between the vertical lines at x and x + ox (shaded)
is denoted by 6A
yox <BA <( y+0dy )ox

N = oA w3
Dividing by dx: y<—=<(y+oy)
ox '
As you let ox tend to zero: Remember
. 5 daA :
BeS¥0 OF% B0 lj"‘. dx=d © ax '”6.1' d_\' |
. dA
So y=-
dx

Integrating this will give you a formula for the area from the origin up to the upper bound, namely
A: j}-’tf.\, Note that, when calculating this small area, the lines x = a and x = b were not used so this
has given us a general formula for calculating the area. A further calculation is needed to obtain the
area betweenx=aand x=»b

Differentiation and integration Area under a curve




If you wish to calculate the area between two vertical lines, x=a and
x= b, then you need only integrate to get the formula for area and
substitute @ and b for x. The difference between your results is the

required area.

lfjf{x)dx =F(x) + cthen (F(b) + ¢)— (F(a) + ¢) =F(b) — F(a)

) Key paint zero. This means
The area under a curve between the x-axis, x=a, x=0

and y=f(x), is given by A= I:f(x)dx =F(b)—-F(a)

Working with areas below the x-axis will produce negative results.
As area is a positive quantity you should use the magnitude of the

answer only (ignore the negative sign).

' The constants of
| integration sum to

' you don't need

- to worry about
the constant of
integration when
calculating a

\ definite integral.

e =

———eee — e

L‘ (3x” +4x+1)dx

Evaluate the definite integral J': (3x° + 4x+1)dx. You must show your working.

= [x"' +2x° +x]: .

integrate

=(4"+2x4" +4)- (1" +2x1T +1) »
=100-4
=96

Substitute the
two values of x

b A parabola cuts the axes as shown.

2
Show that the area A is 105 units.

4.:}_ T

216

AT e 1D
12 \ / |
o| TR d
Integrate.

Substitute the two values

=[?—4x56+“|2x6)—(%—4x4+12x2) .

=-10—
o,

of x

Remember, areas must

Area Als 'IO% units®. =

always be positive, 50 you
can ignore the minus sign.

' If you had calculated the definite integral between 0 and 6, the answer would _

.

. be zero. The positive and negative sections would cancel each other out. .!

OMyMaths ( Q 2056,2273
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0 el

' Try it on your Activity
= calculator Find out how to evaluate
-8 You can use a calculator to L 3x* —x" +1dx on your
g evaluate a definite integral. calculator.

Exercise 4.7A Fluency and skills

1 Evaluate these definite integrals. Show your 2 Work out the total shaded area for each of

working in each case. these graphs. Show your working in each
s 5 case.
a [ x+1dx b [ 2x-1dx
d
3 6 ——
c _L 4—-xdx d J_zl—Sxdx
3 7
e | 7dx f _{1 ndx ¢
g :Tr+]dx h L?sz +4x+1dx

= 3, ! 2 e
I ] x"—6x-1dx |] Ll—x—x dx
Jr?‘ =
k - x'dx | IHx+ l., dx
o
q
m [ x*+2x43dx 0 [ L d |
—dx
-1 4 fx
o [ anx’d e i
L nx“dx p Lf.il +xdx

q J._:xtzxdx r _[f—g-clx

H Differentiation and integration Area under a curve




rasoning and problem-solving

To calculate the area under a curve

@ Make a sketch of the function, if there isn’t one provided

@ Identify the area that has to be calculated

@ Write down the defi

T, i
Cvaliints + astimita intamee A e T e sl aTal o s Teldt el dal e ool (TT T ol ¥ive
@{:-,;; uate the definite intearal and remember that the area is always positi

--------

The area trapped between the x-axis and the
parabola y =(x+3)(x—9)is splitin two parts
by the y-axis. What is the ratio of the larger

An area is bounded by the curve y = 4x°,
the x-axis, the line x= 1 and the line x=a,
a> 1. What is the value of a if the area is

Sketch a graph of y =sinx for 0 < x <360°
and, using this, explain why the definite

On a velocity-time curve, the distance
travelled can be obtained by calculating the

An object is thrown straight up. Its velocity,
in ms™, after t seconds can be calculated

What distance did the object travel between

10 Space debris is detected falling into
the Earth’s atmosphere. Its velocity
in kilometres per second is modelled
by v(t)=5+0.01¢t where t is the time
in seconds measured from where the
debris was detected. It completely
burned up after 4 seconds. How far did
the debris travel in the atmosphere?

An area of 29 units® is bound by the line 6
y=x, the x-axis and the lines x=-3 and
x=a, a<0.Use integration to help you
calculate the value of a part to the smaller?
Integrate the function f(x) = x* — 6x + 8 with 7
respect to x and thus calculate the area
bound by the curve y = f(x), the x-axis, and
the linesx=2and x=4 2400 units??
A parabola has equation y= 10+ 3x - x° 8
Calculate the area of the dome trapped
= TR 3 g = > Bt 1 - 360 .
between the curve and the x-axis, integral L sinx” dx equals zero.
e C
The equation y =+ x is one part of a parabola
with y= 0 as the axis of symmetry. 9
a8 Calculate J.y dx
area under the curve.
b Calculate the area trapped between the
curve, the x-axis and the lines x=0 and
x=1 3
_ using v(t)=24t -5t
€ Pisthe area below the curve between
x=1 and x=4. Q is the area between
x=4and x=9, Calculate the ratio P: Q t=1and t=4?
d Calculate the area trapped between the
curve y =1++/x, the x-axis and the lines Challenge
x=0and x= 1 and explain the difterence
between this and the answer to part b.
a AreaAisdefined by A(a) = J-.'h'" dx
- ® l . L
For what value of a is the area 999 units®?
b Area B is defined by B(a) = J.‘-i_r" dx
For what value of a is the area 875 units*?
("89]
¢t AreaCisdefined by C(a)= J 3x’dx
For what values of a is the area 19 units??
e MyMaths ( Q 2056, 227
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Chapter summary

The gradient of the tangent to a curve at the point P can be approximated by the gradient of the

chord PQ, where Qs a point close to P on the curve.

« The derivative at the point P on the curve can be calculated from first principles by considering
the limiting value of the gradient of the chord PQ as Q tends to P

« The derivative is denoted by f'(x)

f(x +_h__‘_]_— f( x)

f"(x)=lim

o Ify=f(x)then ﬁ:f’{.ﬂ

dx
+ The derivative gives the instantaneous rate of change of y with respect to x.

I ’ ; . dy "
+ The derivative of y = ax”, where a is a constant, is I =nax
lx

« f(x)=ag(x)+bh(x)=f'(x)=ag’(x)+bh’(x), where a, b are constants.
« f'(x) gives the rate of change of function f with respect to x. So,

f’(x) > 0 means the function is increasing,
f'(x) < 0 means the function is decreasing,
f’(x) = 0 means the function is stationary.

« By sketching the gradient function, you can determine whether a function is increasing,
decreasing, or stationary.
e Ataturning point, the tangent is horizontal, so f'(x) =0
+  Where the function changes from being an increasing to a decreasing function, the turning
point is referred to as a maximum.
«  Where the function changes from being a decreasing to an increasing function, the turning
point is referred to as a minimum.
o The derivative is itself a function that can be differentiated. The result is called the second
derivative and is denoted by {”(x) or (_i_"
__ dx
2
. (l\""" gives the rate of change of the gradient with respect to x. Assuming L:'r =0, thenf”(x)>0
: dx
means the gradient is increasing—it is a minimum turning point.

f”(x) < 0 means the gradient is decreasing—it is a maximum turning point.

+ Since the derivative at a point (a, f(a)) gives the gradient of the curve at that point and the
gradient of the tangent at that point then m
y=fla)=f(a)x—a)

=f'(a)and the equation of the tangent is

langent

: o ; I , :
[he normal at (a,f(a)) has a gradient m___, =———— so the equation of the normal is

I (a)
i=fla)=———(x—
y—f(a) ]_,{“}(t a)

Differentiation and integration Summary and review




« The process of differentiation can be reversed by a process
called integration.

Filxj=Hx)= E3[.\’}=Jf{ x)dx+c
where ¢ is the constant of integration.

4l

o |ax"dx=— e read as “the integral of ax” with respect to x"
n+

o [(af(x)+bg(x))dx=a[f(x)dx+bfg(x)dx

]
B J f(x)dx is called a definite integral with upper limit b and

a

lower limit a
o Ji(x)dx=F(x)+c= [ [(x)dx=F(b)-F(a)

« Iff(x)is continuous in the interval @ < x < b and all points on the
curve in this interval are on the same side of the x-axis, the area
bounded by the curve, the x-axis and the linesx=a and x=b s

given by the positive value of _[hf(x]dx

Check and review

You should now be able to... Try Questions

« Differentiate from first principles.

« Differentiate functions composed of terms of the form ax”

+ Use differentiation to calculate rates of change.

«” Work out equations, tangents and normals.

«” Work out turning points and determine their nature.

«” Work out and interpret the second derivative.

«” Work out the integral of a function.

«” Understand and calculate definite integrals.

«” Use definite integrals to calculate the area under a curve.




1 Differentiate each function from first principles.

a y=3x"a(1,3) b y=x'+lwhenx=-1 c y=x'-x-5at(2,9)
d y=1-% e y=x-x f y=n¢
2 Work out the derivative of
: |
a f(x)=x"+2x*+3x+1 b y=4Jx+x C y=x+—t—
i 4 2
=4 PR | _ i =—t
d f(x)=¥x-Yx 8 y=— e
: 1 1 h x'+2x+3 ; x+2x
= | ——— _— — T —— }i:—_—-—-
g vy 1_3‘*% 1 " | i e
] }_J}H
" Yx
3 Work out the value of the following functions. Show your working.
2 dy ’ xX+3
a f’(2)whenf(x)=2x"-5 b Ewhenx=3g1w,'ny=——x——
1 33 dy . x—9
¢ f'(4)whenf(x)=1+——— d — whenx=9¢giveny=—+=
(4) (x) e a3 giveny=- =

4 a Work out the rate of change of y with respect to x when x =4 given that y = x(2x* - Sx]
Show your working.

b Aroll of paper is being unravelled. The volume of the roll is a function of the changing
radius, rem. V =25mr” [Vem? is the volume].

Calculate the rate of change of the volume when the radius is 3cm. Show your working.

Cc A particle moves along the x-axis so that its distance, Dcm, from the origin at time ! seconds
is given by D(t)=t" -5t +1
i Work out the particle’s velocity at t = 3 (the rate of change of distance with respect to time).
Show your working.

ii  Work out the particle’s acceleration at this time (the rate of change of velocity with time).
Show your working.

d A tourist ascends the outside of a tall building in a scenic elevator.
As she ascends, she can see further. The distance to her horizon, K km, can be calculated by
the formula K = Jﬁ where l1is her height in metres and D is the diameter of the planet in
kilometres. On Earth, D =12 742 km

I Calculate the rate of change of the distance to her horizon with respect to her height
1 When she is 50 m up,
2 When she is 100 m up.

il How high up will she be when the distanee to the horizon is changing at a rate of 0.4 km
per m of height?

iii Suppose the tourist were on a building on the Moon. The Moon has a diameter of 3474 km.
Calculate the rate of change of the distance to her horizon with respect to her height when
she is 50 m up.

Differentiation and integration Summary and review




Show your working.

a y=x"+4x+3at(1,8)
b _y:2x*§_at(3,5)

c y=5+4;—.1::1 at(2,9)
d y=200x at(25,1000)

Work out the turning points on each curve and
determine their nature. Show your working,.

a y=x"+4x-5
b y=3x"-4x
¢ y=Il10x"

o i .
d y=ax+— where a is a positive constant.

X
e y=ax*+bx+cwherea, band care

positive constants.

7 Work out the second derivative of

-]
a y=x
b y=x'+x°

c }I:_

X
3 4 5 6
a X

d y:1+x+%+—+— S e

6 24 120 720

8 Calculate

a J.I—x—x“d.r

h L?—dx"dx
.
1 —
H w’{:—ﬁ—{fxd.x
x* -1
d dx
%

10

9 Work out the equations of the tangent and normal to the given curves at the given points.

Calculate the following definite integrals.
Show your working.

a L‘x +6dx

10

b 1 2ndx

c J‘f —4x—5dx

d _[:r 2x’dx

f2
49
x+1

e —dx

e

a Calculate the area bounded by
y=x°—7x+10, the x-axis,
x=2 and x= 5. Show your working.

b Calculate the area bounded by
y=x"~-5x+6, the x-axis,
x =2 and x = 3. Show your working.

¢ Calculate the area bounded by
y =27 —x’, the x-axis, and the y-axis.
Show your working.
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To improve, search in MyMaths for the codes: 2028—-2030,

Click these
links in the
digital book

You're gaining a secure knowledge of this topic.
To improve, look at the InvisiPen videos for Fluency and skills (04A)

Reasoning and problem-solving (04B)

You've mastered these skills. Well done, you're ready to progress!
To develop your techniques, look at the InvisiPen videos for




[

Exploration

Going beyond the exams

History

Differentiation and integration belong to a branch of mathe called
calculug, which ie the study of change. [t took hundrede of years
and the work of many mathematiciang to develop calculug fo the
efate in which we know it today.

The firet pergon to write a book about both differentiation
and integration, and the firet woman fo write any book about
mathematice, wae Gaetana Maria Agnesi. One of 2! children,
Maria digplayed incredible ability in a number of dicciplines at an
early age, and wag an early campaigner for women'e right to be
educated — giving a gpeech on the topic when che wag 9 yearg old.

Agnesi’e book, lstituzioni analitiche ad uso della gioventu
italiana (analytical incfitutione for the uge of the lalian youth), wag
published in 1748 when she wag just 30 years old. e

Resgearch

Before Maria, in the [7th century, the fundamental
theorem of caleulus wag independently discovered by

Find out the contributiong that Newton and
Leibniz made to the theorem of caleulue and uge

lsaac Newton and Gottfried Leibniz.

These two were both well-regarded by the
mathematical community, and both publiched very
cimilar worke on the eubject within only a few years
of each other. Thig led to ugpiciong of copying and
a bitter feud betuween the two lagted until Leibniz’e
death in 1716.

your regearch to write a summary. In your summary,
diccuse any eimilaritie and differences between the
worke of each mathematician, and how their reculte
added to or built on what wag previously established

" in the field of ealeulus.

——iied Willielm Leibniz

T




4 Assessment

1  y=5x"-2x" Calculate and select the correct answer for

A 15x° +6x7° B 15x°-6x" C 15x°—6x" D 15x°+6x° [1 mark]

b Jydx

A S—f—x‘%c B 5J‘J-+x“’+c C E:'L‘—£+c D E£+~'1£-1-c [1]

4 4 2 4 2

2 Calculate the exact value of f 5x—2dx. Select the correct answer.

A 55 B 15 C 13 D 8 [1]
3 The radius (in cm) of a circle at time ¢ seconds is given by r =20-2/t

a Work out an expression for the rate of change of the radius. 3]

b Calculate the rate of change of the radius at time 25s. State the units of your answer. 2]
4 y=2x"-x"

a Calculate the gradient of the curve at the point (1, 1) [3]

b  Work out the equation of the normal to the curve at the point (1,1) 3]
5 fix)= %.‘cf‘—x2

a Wc::rk out an expression for f'(x) 2]

b Calculatef’(2) [2]

¢ Work out the equation of the tangent to y = f(x) at the point where x =2

Give your equation in the form ax + by +c¢ =0 where a, b and c are integers. (4]

6 The curve C has equation y =6x’—3x" -12x+5

a Use calculus to show that C has a turning point when x = —% [4]

b Work out the coordinates of the other turning point on C [2]

¢ Is this point is a maximum or a minimum? Explain your reasoning. [2]
7 Work out the range of values of x for which y = x* +5x” ~8x+4 is decreasing. [5]
8 Work out these integrals.

a J'23|c+3x5 dx (2] b jx“'—4x3 dx [3] c j3&+% dx 3]

x

9 Calculate the exact values of these definite integrals. You must show your working.

a j'zJde (4] b jf;—Sxdx [4]




10

11

12

13

14

15

16
17

18
19
20
21

22
23

24

Find an expression for f(x) when

a f'(x)=4x*+5x-1 [3] b f(x)=7x"-x+Jx  [5]

The region shown is bounded by the x-axis and the curve yA y=—x2+ax-3
y=—x"+4x-3

1
Show that the area of the shaded region is l; square units.

1=3x . .

d ol h x
a Workout d—‘y from first principles. / 3\
7

b Calculate the gradient of the tangent where x=5

y= x'-2x

a Workout ;i_y from first principles.
i

b Calculate the gradient of the tangent where x =2

Work out Ell when
dx

; x+2
a y=x(x+3)° 4 b y=—¢ [4]
y=x(x+3)"  [4] y="7=
The volume (in litres) of water in a container at time # minutes is given by
t* -8t
V=
3t

Calculate the rate of change of the volume after 4 minutes.

Work out the equation of the normal to y = x*(2x+1)(x—3) at the point where x=2
3 4y

2X
a Work out the equation of the tangent to C at the point where x=1

The curve C has equation y =

The tangent to C at x = 1 crosses the x-axis at the point A and the y-axis at the point B
b Calculate the exact area of the triangle AOB
Show that the function f(x)=(1+2x)" is increasing for all values of x

3
Work out the range of values of x for which f(x)= 5J§+-—7 is a decreasing function.

Vx

Work out the range of values of x for which y = '—;x[r— 1)(5—x)is an increasing function.

Given that f(x)= x*(2x~+/x), work out expressions for
a f'(x) [4] hix) 2]

2

Given that y = 3x° - 4\;";, work out

2
Calculate the coordinates of the stationary point on the curve with equation
}1:32x+%—15, x>0
Show that this point is a minimum.
A cylindrical tin is closed at both ends and has a volume of 200 cm?®.
a Express the height, i in terms of the radius, x
b Show that the surface area, A of the tin is given by
400

A=2nx +—
X

ﬂ Differentiation and integration Assessment
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¢ Calculate the value of x for which A is a minimum. [4]
d Hence, work out the minimum value of A ) 2]
e Justify that the value found in part d is a minimum. [2]

25 A box has a square base of side length x

The volume of the box is 3000 cm’.

a Show that the surface area, A, of the box (not including the lid) ‘
, 12000 ;

is given by A=x"+— = (6]
b Calculate the value of; for which A is a minimum. (3]
¢ Hence, work out the minimum value of A [2]
d Justify that the value found in part ¢ is a minimum. 2]
26 Work out these integrals.
a [Cex+3¢dx (3] b [Vx(5x-1)dx (4] J;—:—,_fdx (4]
27 Cdl(‘lllcltt‘ the exact values of these defmite integrals. You must show your working.
a j(ax 1) dx (5] b j x—4)(x-5)dx  [5]
28 Calculate the area of the region hounded_lby the x-axis and the curve
y=x"-3x-10 [8]
29 The shaded region shown is bounded by the x-axis, the line x =% i
and the curve with equation y = %—sz -2Jx, x>0
Calculate the area of the shaded feginn. o 5]
30 The curve with equation y = f(x) passes through the point (1,1) & iy
Given that f’(x)=5x" - —23—
a Calculate f(x) : [4]
b Work out the equation of the normal to the curve at the point (1,1) [4]
31 a Differentiate with respect to x, where k is a constant.
| kit k-1 ik k1 4]
b Integrate the functions in paft a with respect to x [5]
32 f(x)=x"-2x
The tangent to y = f(x) through the point where x = 2 meets the normal through
the point x= —1 at the point P, Calculate the coordinates of P [13]
33 The function f( x) is given by f(x) = x” + kx where k is a positive constant.
The tangent to y = f(x) at the point where x = k meets the x-axis at the point A and
the y-axis at the point B
Given that the area of the triangle ABO is 36 square units, work out the value of k [10]

34 The normal to the curve y = 2x* — x + 2 at the point where x = | intersects the curve again at the
point Q. Calculate the coordinates of Q [9]
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39
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41

42

43

45

a7

Work out and classify all the stationary points of the curve with equation y = x* —2x” +1
Work out and classify all the stationary points of the curve with equation
y=3x"+4x"-12x"+20

Calculate the range of values of x for which f(x)=4x" —2x’ is an increasing function.

Calculate the range of values of x for which f(x)=-3x" +8x" +90x" +12
is a decreasing function.

A triangular prism has a cross-section with
base twice its height.

The volume of the prism is 250 cm”.

Calculate the minimum possible surface area >
of the prism given that it is closed at both ends.

A cylinder of radius, rcm is open at one end. The surface area of the cylinder is 700 cm?®.
Calculate the maximum possible volume of the cylinder.

The curve with equation y = f(x) passes through the point A(1,4)

Given that f"(x)=3x" —;2-._;
a Work out the equation of the tangent to the curve at the point when x=-1
The tangent crosses the y-axis at the point B

b Calculate the area of the triangle ABO

The curve with equation y =f(x) passes through the point (0, 0)

Given that f'(x)=4x-3x", work out the area enclosed by the curve y = f(x) and the x-axis.

The shaded region is bounded by the curve with equation y

y=12-7x~x" and the line with equation y =4

Calculate the area of the shaded region. /\\

Calculate the area of the region bounded by 7 \

the x-axis and the curve with equation y = x(x+1)(x—2) / 0 \ i

The shaded region is bounded by the curve with
equation y=3x”+1and the lines y=4 and y =2 A

Calculate the area of the shaded region. A " /
The region R is bounded by the x-axis and \ : /
the curve with equation e S
i
y=x"(k-x),where k is a positive constant. 0 :

Given that the area of R is 108 square units, calculate the value of k
The region R is bounded by the curve with equation 1
y=13-2x-x"and the line y=11-x

Calculate the area of R

ﬂ Differentiation and integration Assessment
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